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Abstract  
In this study, the Schrödinger equation for the Woods-Saxon potential, the general Woods-Saxon potential, 
and D-dimensional Woods-Saxon potential is numerically investigated. The finite difference method is 
used to transform the Schrödinger equation to an eigensystem and the Jacobi method is applied to calculate 
eigenpairs. It has been noted that Schrödinger equation with Woods-Saxon potential expect for l=0 does 
not have the exact solution. Some approximate analytical solutions for this type of potential is pointed out. 
Finally, the obtained energy levels are compared to the similar studies in special cases for 56Fe. Normalized 
wave functions are calculated and for some cases are graphically shown. 
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Introduction  
The exact solution of the Schrödinger equation in physical problems is crucial as it gives a deep 
understanding of the physics problem. There are several methods for solving this equation, which provide 
valuable solutions to the problem of physical models [1-4]. 
Solving this equation for radius-centered potentials in recent years has attracted many researchers, such as 
the Rosen-Morse potential, the Morse potential, the Yukawa potential, and etc.  
For some potentials, there is no analytical solution to the Schrödinger equation. In this case, methods based 
on the theory of perturbation such as the WKB method, approximate and numerical methods such as 
factorization [4], SASYQM APPROACH [5-7], semi-linearization [8,9], Nikiforov-Uvarov [10] is used.  
In the perturbation methods, the perturbed potential should be small in comparison to the Hamiltonian of 
the system. One of the problems with perturbation methods is the need to solve a series of complex integrals. 
The use of numerical methods is appropriate because of the fact that there is no specific limit to the type of 
potential. For this reason, the numerical solution of the Schrödinger equation is of interest to researchers. 
As was mentioned the numerical solution of the Schrödinger equation leads to an eigensystem. Necessary 
boundary conditions for transforming the Schrödinger equation to an eigensystem must be imposed at initial 
and endpoint. The wave function must become zero at these two points. There are some methods for solving 
eigensystems. Each method has some strengths and weaknesses. Power method, the reduction method, the 
Givens method, and the Jacobi method are some examples of numerical methods for solving eigensystems. 
In Jacobi transformation method a similarity transform is used to diagonal coefficients matrix. The matrix 
is reduced down to a form with little two-by-two blocks step by step by several iterations. Suppose A is the 
coefficients matrix then 
 →  ∙  ∙   (1) 
is called similarity transform. The procedure in Jacobi transformation method is 
 →  ∙  ∙  →  ∙  ∙  ∙  ∙                               
→ 
 ∙  ∙  ∙  ∙  ∙  ∙ 
 →      . (2) 
Suitable selecting of Pis after several iterations A become diagonal. By introducing XR in the form 
 =  ∙  ∙ 
 ∙ ⋯ (3) 
it is proved that XR columns are eigenvectors of A and transformed A will be diagonal in which its diagonal 
elements are the eigenvalues of the eigensystem. The number of mesh which is the order of eigensystem 
depends on the accuracy of the solution. Jacobi method gives the same number of eigenvalues and 
eigenvectors as the number of mesh. It is seen that the eigenvalues accuracy decreases with increasing the 
absolute of eigenvalues. 
A potential that has been taken into consideration over the years is Woods-Saxon potential. This potential 
was proposed in 1954 by the scientists (R. D. Woods) and (D. S. Saxon) to explain the elastic scattering 
dispersion of protons of 20 MeV through medium and heavy nuclei [11]. By subsequent studies, empirical 
observations, and solving Schrödinger equation with this potential a useful model for determining the 
particle energy level of nuclei, named the shell model was proposed to provide energy levels accurately 
[12]. This potential also examines the interactions within the nucleus, such as nucleon-nucleon interactions. 
In microscopic physics, it described a complete description of the interaction of a nucleus with a heavy 
nucleus. It also acts as a central part in the interaction of neutrons with a heavy nucleus [13-15]. The 
deformed Woods-Saxon potential is also a short-range potential which is widely used in several fields of 
sciences such as nuclear, particles, atomic, condense matter and physical chemistry [16-18]. The Woods-
Saxon potential has likewise been used for the description of heavy ions elastic scattering at low energies 
[19]. In this study, the Schrödinger equation with Woods-Saxon potential, general Woods-Saxon potential, 
and D-dimensional Woods-Saxon potential has been solved numerically by Jacobi method. 
The standard form of this potential is: 
 = 

  (4) 
where v0, R0 and a0 are the potential depth, the potential width, and the thickness of the surface respectively. 
The general version of this potential is: 
  = − 

−  

 !
  (5) 
It consists of an additional part, which is the derivative of the standard form of this potential. This type of 
potential is well-known to generalized Wood-Saxon potential. The shell model in nuclear physics is made 
by adding the interaction of l.s to this potential [20-22]. 
One particular point regarding the general Woods-Saxon is that for w0 <0, there is a potential barrier that is 
used to describe the quasi-bound states in the nucleus. Moreover, if R0 = 0 the potential is changed to the 
Rosen-Morse potential [2, 4]. 
The effective form of potential will be 
""r = −  −
 
$ %
! + ''ћ!)*!   (6) 
where µ is the reduced mass. The NU method is one of the methods which is able to use for several 
potentials.  
Radial part of Schrödinger equation for D-dimensional case has been presented in [23, 24] 
+ ,!,*! + -* ,,* + .ℏ! 012,'- + 4 − ''-*! 5 62,' = 0,     0 ≤  ≤ ∞;  (7) 
In the D-dimensional case for removing first order derivative, the well-known transformation is used. 
In the next sections Woods-Saxon, general Woods-Saxon, and D-dimensional Woods-Saxon potentials are 
numerically investigated. In the present study using finite difference method, Schrödinger equation 
transforms into an eigensystem matrix. Then the eigensystem is solved by the Jacobi method. Finally, the 
eigenvalues which are energies of the eigensystem and the eigenvectors which are related to the wave 
functions are obtained. Our results are given in figures and tables. The results are compared with other 
researches. 
 
The Woods-Saxon Potential 
Using the well-known transforming statement  
;2,' = 62,'  (8) 
the differential equation of the radial part of Schrödinger equation with Woods-Saxon potential is given by 
,!<=,>*,*! + .ℏ! ?12,' + @ −
ℏ!''
.*! A ;2,' = 0  (9) 
where µ=mAmn/(mA+mn). For l=0, equation (9) has the analytical solution [25]. But, the Woods-Saxon 
potential does not have the exact solution for l≠0. In this case in which there is not an exact analytical 
solution for Woods-Saxon potential an approximation is applied as follow [26] 

*! ≅ C!DD!  (10) 
where  
δ = ''ћ!)*!   (11) 
Employing this approximation by the NU method, the Schrödinger equation transforms into a 
hypergeometric equation with a series of transformations, that its solution is known [10]. Authors have 
driven the energy eigenvalues and wave functions of Woods-Saxon, (32), (39) of reference [27]. 
The energy eigenvalues and some normalized wave functions of the bound state of Woods-Saxon potential 
for a neutron orbiting around 56Fe are given in figure 1. Potential parameters are the same as [22], r0 = 1.285 
fm, a = 0.65 fm, V0 = (40.5 +0.13A) MeV = 47.78 MeV, R0 = r0A1/3 = 4.9162 fm, mcore = 56u, mn=1.00866u. 
All normalized wave functions up to l=3 are shown.  
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Figure 1. Normalized wave functions of Woods-Saxon potential for a neutron interaction with 56Fe. 
 
It must be noted that obtained eigenvectors by Jacobi method are normalized, but, corresponding 
eigenfunctions are not normalized. Therefore, a simple relation that should exist between eigenvectors and 
corresponding wave functions, the normalized eigenfunctions are obtained.  
E |GH|IH
JKL
JKM=
→ ℎ O GP
Q
PRS
= 1,   ℎ = HUVJ − HUP2W  
The Jacobi method is a suitable method for eigenvalue problems in physics. Thus, our FORTRAN program 
using Jacobi method should numerically solves the eigensystems. We should, certainly, evaluate our 
program for several potentials that have analytical solution. This program is checked by several potentials 
which have the analytical solution. As is expected, increasing nr the wave function broadening occurs at 
larger r. 
 
The General Woods-Saxon Potential 
The general form of Woods-Saxon potential is presented in equation (5). Radial part of the Schrödinger 
equation for general Woods-Saxon potential is  
,!<=,>*,*! + .ℏ! X12,' + @ +
 
 !
− ℏ!''.*! Y ;2,' = 0  (12) 
The approximate analytical solution for general Woods-Saxon potential is presented by the authors. The 
energy eigenvalues are obtained from equation (13) of reference [26], where the employed approximate to 
solve the Schrödinger equation is expressed in equation (10). The UN method have been applied to solve 
the corresponding radial part of the Schrödinger equation (12). The unnormalized wave functions are given 
by equation (14) in reference [26]. The results of our calculations for some l and W0 are given in table 1. 
Some normalized wave functions are also shown in figure 2. To compare the results, calculations were 
performed for a neutron interaction with 56Fe. The potential parameters are the same as before. 
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Figure 2. Normalized wave functions of general Woods-Saxon potential for various values of W0 from -100MeV to 
100MeV with 50MeV step length for a neutron interacting with 56Fe. 
 
The results show that for the small values at the W0 the sharpness of the wave function increases and vice 
versa. 
 The D-dimensional Woods-Saxon and D-dimensional general Woods-Saxon Potential 
D-dimensional Woods-Saxon potential has been studied by several authors [28, 29]. The radial part of the 
Schrödinger equation for the D-dimensional Woods-Saxon potential is in the form (7). Removing the first 
order derivative leads to the following well-known transforming equation 
;2,' = Z[! 62,'  (13) 
Table 1. Comparison of the single particle energy levels of neutron interaction with 56Fe nucleus employing several 
potential depth of W0 and quantum numbers of nr  for l= 0. The potential parameters are given in the text. 
W0(MeV) nr Enr(Ref[26]) Enr(Ref[31]) Enr(present study) 
0 0 -38.3004 -38.3002 -38.2930 
0 1 -18.2254 -18.2227 -18.2018 
0 2 -0.2678 -0.2663 -0.2556 
0 3 62.9775 unbound unbound 
50 0 -41.1965 -41.1964 -41.1893 
50 1 -23.8789 -23.8788 -23.8550 
50 2 -3.6472 -3.6471 -3.6181 
50 3 52.0232 unbound unbound 
100 0 -45.4453 -45.4446 -45.4384 
100 1 -29.1659 -29.1642 -29.1410 
100 2 undetermined -7.8143 -7.7787 
100 3 undetermined unbound unbound 
-50 0 -36.2136 -36.2168 -36.2065 
-50 1 -12.8469 -12.8504 -12.8223 
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Figure 3. Ground state energy of Woods-Saxon potential versus dimension the Schrödinger equation for neutron 
interaction with 56Fe. The potential parameters are given in the text. 
Applying this transformation gives: 
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Figure 4. A 3D-curve of ground state energy versus dimension and W0 for general Woods-Saxon potential. The 
curve is plotted for 56Fe and the potential parameters are given in the text. 
 
For general Woods-Saxon potential we will have 
,!<=,>*,*! + .ℏ! X12,'- + @ +
 
 !
− ℏ!-'-'
\.*! Y ;2,' = 0  (15) 
Schrödinger equation with the D-dimensional general Woods-Saxon potential has been solved by several 
authors. The energy eigenvalues are presented by V. H. Badalov et al in equation (3.17) of reference [30]. 
Conclusion  
According to our calculation the Jacobi method which we employed for several potentials is a suitable 
method for physical problems. Numerical methods have an important role in physics and quantum 
mechanics, since, often there is no analytical solution for the Schrödinger equation. Hence, numerical 
solutions could help us to find the deep understanding of a problem. Jacobi method gives more accurate 
eigenvalues for smaller ones in the spectrum of the eigenvalues. This is a good approach in physics 
problems as in most cases the lowest energy levels are of great significance. There are several positive 
energy eigenvalues for hydrogen atom and the Woods-Saxon potential. These energy eigenvalues 
correspond to quasi-bound states and states which are related to the scattering. Therefore, the Jacobi method 
could, also be used for scattering problems. 
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